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1. $V=V^{0}\oplus V^{1}$ $g\in$ Aut(V) 2
$V^{\pm}:=\{a\in V|ga=\pm a\}$
(1) $V$
(2) $V$ $V^{0}=\oplus_{n\geq 0}V_{n},$ $V^{1}=\oplus_{n\geq 0}V_{n+k/2}$ $L(0)$- ( $V^{1}=0$ )
(3) $V^{\pm}$ $V^{+}=V0\oplus V_{2}\oplus(\oplus_{n>2}V_{n}),$ $V^{-}=V_{h}\oplus(\oplus_{n>h}V_{h})$ $\neq 0$
$V^{-}$ $h \in\frac{1}{2}\mathbb{Z}$
$V^{0,+}=V^{0}\cap V^{+}$ $V_{h}\subset V^{-}$ $V^{-}$




$V^{0}\oplus V^{1}$ $(\cdot|\cdot)_{\pm}$ $a,$ $u,$ $v\in V$
$(Y(a, z)u|v)_{\pm}=(u|Y_{\pm}^{*}(a, z)v)_{\pm},$
(2.1)
$Y_{\pm}^{*}(a, z) :=Y(e^{zL(1)}z^{-2L(0)}(-1)^{L(0)\pm 2L(0)^{2}}a, z^{-1})$ .
$\mathbb{Z}_{2}$- $\pm 1$
$(\cdot|\cdot)_{+}$ $(\cdot|\cdot)_{-}$ $\mathbb{Z}_{2}$- 1 $L(O)$ - $a\in V$
$(-1)^{L(0)\pm 2L(0)^{2}}a=\pm a$ $Y_{\pm}^{**}(a, z)=Y_{\pm}(a, z)$
2.1. ([FHL93, Li94]) $V$








$V=V^{0}\oplus V^{1}=V^{+}\oplus V^{-}$ 1 $V_{h}\subset V^{1}$
2
$Y^{*}(a, z)=\{\begin{array}{l}Y(e^{zL(1)}z^{-2L(0)}(-1)^{L(0)-2L(0)^{2}}a, z^{-1}) (h\equiv 1/2 mod 2 )Y(e^{zL(1)}z^{-2L(0)}(-1)^{L(0)+2L(0)^{2}}a, z^{-1}) (h\equiv 3/2 mod 2 )\end{array}$ (2.2)
$Y^{*}(a, z)= \sum_{n\in \mathbb{Z}}a_{(n)}^{*}z^{-n-1}$
$a_{(n)}^{*}= \epsilon_{h}(-1)^{wt(a)-h}\sum_{i=0}^{\infty}\frac{1}{i!}(L(1)^{i}a)_{(2wt(a)-n-2-i)}$ , (2.3)
$\epsilon_{h}\in\{\pm 1\}$
$\epsilon_{h}=\{\begin{array}{ll}(-1)^{h} (h\in \mathbb{Z} )1 (h\in \mathbb{Z}+1/2 )\end{array}$ (2.4)
$u,$ $v\in$ $(u|v)1=\epsilon_{h}u_{(2h-1)^{V}}$
$a,$ $b\in V_{2},$ $u,$ $v$ $\oplus$ 3
$ab:=a_{(1)}b, au:=a_{(1)}u, ua:=u_{(1)}a, uv:=u_{(2h-3)}v,$
(2.5)
$(a|b)I=a_{(3)}b, (u|v)I=u_{(2h-1)}v, (a|u)=(u|a)=0.$
2.3. (2.5) $V_{2}\oplus V_{h}$
$u\in V_{h}$ $(xu|y)=\epsilon_{h}(x|uy)$





2 $h\equiv 1/2$ mod2 $(\cdot|\cdot)_{-}$ $h\equiv 3/2$ mod2 $(\cdot|\cdot)_{+}$
3 $V$ $V_{2}^{+}\oplus V_{h}^{-}$
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2.4. ([Mi96, La99]) $V$ $e\in V_{2}$ $c$
$e_{(1)}e=e,$ $2e_{(3)}e=c$ ]$\lfloor$
$=0$ $V$ $e\in V_{2}$
$e/2$ $V_{2}$
$V=V^{0}\oplus V^{1}$
$\theta=(-1)^{2L(0)}$ $\mathbb{Z}_{2}$- $V$ $\theta$ 1
$V_{2}\oplus$ $a\in V_{2}$ $x\in$
$xx=a$ $x$ $V$
$h<3$ [Y09, Y12]
2.5. $V=V^{0}\oplus V^{1}$ $\theta=(-1)^{2L(0)}$ 1
$h$ $V^{1}$ $V_{2}\oplus V_{h}\subset V^{0}\oplus V^{1}$
$a\in V_{2}$ $x\in V_{h}$ $xx=a$
(1) $h=1/2$ $\langle x\rangle\simeq L(^{1}/2,0)\oplus L(^{1}/2^{1}/2)$
(2) $h=3/2$ $2a$ $\langle x\rangle$ $\langle x\rangle$ $N=1$
$c=8(a|a)$
(3) $([Za85])h=5/2$ $2a$ $\langle x\rangle$ $n\geq 0$
$x_{(n)^{X}}\in\langle a\rangle$ $\langle x\rangle\}$ $L(-13/14,0)\oplus L(-13/14^{5}/2)$






(3) $V$ $\langle\omega$ $\rangle$ - $I$





1 $V[0]=\langle\omega\rangle$ $\langle\omega\rangle$ -
$0 arrow\bigoplus_{n>0}V(n)arrow Varrow^{\pi}V[0]=\langle\omega\ranglearrow 0$ . (3.2)
3.1
$V$ 2 $\pi$ : $Varrow V[O]=\langle\omega\rangle$ (3.1)
$S^{n}$
3.1. (1) ([H08]) $V$- $M$ $L(O)$- $X$ $V$
$a\in V$ trxo$(a)=tr_{X}o(\pi(a))$




3.2. $([MaO1, H08])$ $V$ $\mathcal{S}^{n}$ $G=$ Aut(V) $V$- $M$ $G$-
$M$ $G$ $M$ $L(O)$ - $V$
n-
3.3. $m>0$ (3.1) $V[m]$ $V[O]=\langle\omega\rangle$
$V_{2}\oplus V_{h}\subset V^{+}\oplus V^{-}$ $V^{-}$ $V_{h}$
$\{u^{i}|1\leq i\leq\dim V_{h}\}$ $\{u_{i}|1\leq i\leq\dim V_{h}\}$
$\kappa_{m}:=\epsilon_{h}\sum_{i=1}^{\dim V_{h}}u_{(2h-1-m)}^{i}u_{i}\in V_{m}$ (3.3)
$\epsilon_{h}$ (2.4) $[MaO1]$
$\kappa_{m}$ ( $m$ )
3.4. $L(O)$- $a\in V$ $tr_{V_{h}}o(a)=(-1)^{wt(a)}(a|\kappa_{wt(a)})$
$a\in V^{+}$ , wt $(a)\in \mathbb{Z}$ $d=\dim V_{h}$
$tr_{V_{h}}o(a)$ $= \sum_{i=1}^{d}(o(a)u^{i}|u_{i})=\sum_{i=1}^{d}(a_{(wt(a)-1)}u^{i}|u_{i})$
$= \sum_{i=1}^{d}\sum_{j=0}^{\infty}\frac{(-1)^{wt(a)+j}}{j!}(L(-1)^{j}u_{(wt(a)-1+j)}^{i}a|u_{i})$ (by skew-symmetry)
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$= \sum_{i=1}^{d}\sum_{j=0}^{\infty}\frac{(-1)^{wt(a)+j}}{j!}\epsilon_{h}(a|u_{(2h-wt(a)-1+j)}^{i}L(1)^{j}u_{i})$ (by invariance)
$= \sum_{i=1}^{d}(-1)^{wt(a)}\epsilon_{h}(a|u_{(2h-wt(a)-1)}^{i}u_{i}) (as L(1)V_{h}=0)$
$=(-1)^{wt(a)}(a|\kappa_{wt(a)})$ .
1
3.5. $V^{0,+}$ $n$ $m$
$\kappa_{m}\in\langle\omega\rangle$
3.4 $tr_{V_{h}}o(a)=tr_{V_{h}}o(\pi(a))\Leftrightarrow(a|\kappa_{wt(a)})=(\pi(a)|\kappa_{wt(a)})$
$\pi$ $V_{m}$ $ker\pi=\{a-\pi(a)|a$ $V_{m}\}$ $(a-\pi(a)|\kappa_{wt(a)})=$
$0\Leftrightarrow\kappa_{wt(a)}\in\pi(V)=V[0]=\langle\omega\rangle$ 1
3.2
3. $1\leq t\leq 5$ $V^{0,+}$ 2 $V$
$D_{2}(c)=c, D_{4}(c)=c(5c+22) , D_{6}(c)=(2c-1)(7c+68)D_{4}(c)$ ,
(3.4)
$D_{8}(c)=(3c+46)(5c+3)D_{6}(c) , D_{10}(c)=(11c+232)D_{8}(c)$ .
3.6. $V$ (3.4) $D_{n}(c)$ $m\leq n$
$\langle\omega\rangle$ $m$ $M(c, 0)/M(c, 1)$
3.6
3.7. $V$ $D_{n}(c)$ $m\leq n$ $\kappa_{m}\in\langle\omega\rangle$











3.4 $L(O)$- $a\in V$ $tr_{V_{h}}o(a)$ $=$ (-1) $a)(a|\kappa_{m})$
3.7 $\kappa_{m}$
$(a|L(-n_{1})\cdots L(-n_{k})I)$ (3.5)
3.9. $V$ $g\in$ Aut(V) 2, 3 $d=\dim V_{h}$
(1) $V^{0,+}$ 2- $a^{0}\in V_{2}$
$\circ$
$tr_{V_{h}}o(a^{0})=\frac{2hd}{c}(a^{0}|\omega)$
(2) $V^{0,+}$ 4- $a^{0},$ $a^{1}\in V_{2}$
tr $o(a^{0})o(a^{1})=\frac{4hd(5h+1)}{c(5c+22)}(a^{0}|\omega)(a^{1}|\omega)+\frac{2hd(22h-c)}{c(5c+22)}(a^{0}|a^{1})$




$F_{j}^{(3)}(0\leq j\leq 2)$ $\mathbb{Q}[c, d, h]$







$(0\leq i\leq 6)\ovalbox{\tt\small REJECT}$ $\mathbb{Q}[c, d, h]$


















3.10. $V$ $g\in Aut(V)$ 2, 3 $e\in V_{2}$ $c_{e}=2(e|e)$








3.11. 3.9 $a^{i}$ $\omega/h$ $n$
$n-1$ $[MaO1]$ $V_{1}=0,$ $\dim V_{2}>1$
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